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The only dierence between Bhandari’s viewpoint [1]
and ours [2] is that our phase is dened modulo 2pi,
whereas Bhandari argues that two phases that dier by
2pin, n integer, may be distinguished experimentally in a
history-dependent manner. Here we show that a fully
gauge-invariant description of the geometric phase re-
quires that it be dened modulo 2pi, which is an inter-
esting aspect of the ‘monopole geometry’ that gives the
geometric phases. Also, Bhandari’s history-dependent
phase contains no additional experimentally observable
information.
For the spin-1/2 case, using the notation in [1], the
mixed state phase φ is obtained by solving cos δ +
ir sin δ = ceiφ, c > 0. Therefore [2], when r = 0,
φ = arg(cos δ), which is not indeterminate as claimed
by Bhandari, except when cos δ = 0. For r = 0, 0 < δ <
pi/2, φ = 0 (mod2pi). For r = 0, pi/2 < δ < 3pi/2,
φ = pi (mod 2pi) (1)
Bhandari argues that there is an ambiguity in (1) by
considering r very close to 0 ( he chooses r = 0.001 and
−0.001). We now make his argument more explicit and
precise. In all cases except the above mentioned singular
case r = 0, cos δ = 0 for which c = 0, we may obtain φ








For r << c,  is small. Two solutions to (2) (with c
non-innitesimal) are for 0 < δ < pi/2
φ = jj for r > 0, and φ = −jj for r < 0, (3)
and for pi/2 < δ < pi
φ = pi − jj for r > 0, φ = −pi + jj for r < 0. (4)
The horizontal curve in Bhandari’s Fig. 1 for δ < pi/2
should represent the two very closeby curves (3), which go
over to his curves C and D of (4). In (4), as  ! 0, φ !
pi, which is his claimed ambiguity. But the most general
solutions of (2) for pi/2 < δ < pi are φ = pi − jj(mod2pi)
for r > 0 and φ = pi + jj(mod2pi) for r < 0, which tend
to (1) as  ! 0, and this unambiguous result has been
experimentally observed as stated in [2].
For an arbitrary spin-J (J is integer or half-integer),
the geometric phases may be obtained by parallel trans-
porting around the closed curve C traced by the direction
of the spin quantization axis on the sphere SU(2)/U(1).
This holonomy transformation gives [3] the geometric
phases for the states with spin quantum numbers j as
βj = jα (mod2pi), j = −J,−J + 1, ..., J (5)
where α is the solid angle of either of the complemen-
tary surfaces S1 and S2 on this sphere spanned by C.
The freedom to choose either S1 and S2 requires that the
phase should be dened modulo 2pi. But in Bhandari’s
description α should be the solid angle of one of these
two surfaces, say S1. Then as C varies so that α varies
from 0 to 4pi, one continuously monitors the experiment.
Bhandari would conclude that βj increase continuously
from 0 to 4jpi = 2npi, where n = 2j is an integer. From
this he would infer what n is as stated at the end of [1].
But n = 2j may also be determined from (5) for the in-
termediate positions, in our gauge invariant description.
Bhandari can do no better because he also has to use
the intermediate positions to dene his history depen-
dent phase. Also, at every stage of the experiment we
shall predict, using (5), the same observable results as
he does. So, there is no experimental advantage to his
approach.
Theoretically, Bhandari’s history-dependent phases
amount to choosing a class of gauges in which there is
an articial singularity through S2 to forbid the use of
S2 in dening α. But our gauge invariant singularity-
free description above requires that the phase be dened
modulo 2pi. In the geometrically analogous Dirac mag-
netic monopole, in order for the singular line in the gauge
potential not to be observable, Dirac had to impose his
quantization condition for the monopole charge and re-
quired that the phase is observable modulo 2pi. But, in
the present case, the above mentioned group theoretical
treatment automatically gives this quantization condi-
tion, due to the total solid angle on a sphere being 4pi.
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